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I. INTRODUCTION
The expansion in inverse powers of the heavy quark mass is a useful tool for the study of hadrons containing heavy quarks. This expansion can be formulated more systematically in terms of an effective theory described by an effective Lagrangian. For the one-heavy quark sector this theory is heavy quark effective theory (HQET) [1] . The HQET Lagrangian is also a key object in the description of systems with more than one heavy quark, in particular in the description of the heavy quark-antiquark sector (i.e. heavy quarkonium), since the HQET Lagrangian corresponds to one of the building blocks of the nonrelativistic QCD (NRQCD) Lagrangian [2, 3] . The Wilson coefficients of the HQET Lagrangian also enter into the Wilson coefficients of the operators (i.e. the potentials) of the pNRQCD Lagrangian [4, 5] , an effective field theory optimised for the description of heavy quarkonium systems near threshold (for reviews see Refs. [6, 7] ). The Wilson coefficients we compute in this paper are necessary ingredients to obtain the pNRQCD Lagrangian with next-to-next-to-next-toleading logarithmic (NNNLL) accuracy. It should be noted that the Wilson coefficients computed in this paper are not necessary to obtain the complete heavy quarkonium spectrum with NNNLL accuracy, nor the production and annihilation of heavy quarkonium with NNLL precision, unlike their spin-independent counterparts (see Ref. [8, 9] ), but they may become important at the next order. At least, they must be studied. These results are also instrumental in the determination of higher order logarithms for NRQED bound states, such as hydrogen and muonic hydrogen-like atoms.
At present, the operator structure of the HQET Lagrangian, and the tree-level values of their Wilson coefficients, is known to O(1/m 3 ) in the case without massless quarks [10] .
The inclusion of massless quarks has been considered in Ref. [11] . The Wilson coefficients with leading logarithmic (LL) accuracy were computed in Refs. [12] [13] [14] to O(1/m 2 ) and at next-to-leading order (NLO) in Ref. [10] to O(1/m 2 ) (without dimension 6 heavy-light operators). The LL running to O(1/m 3 ) without the inclusion of spectator quarks was considered in Refs. [15, 16] , which turned out to have internal discrepancies between their explicit single log results and their own anomalous dimension matrix. The computation was reconsidered in Ref. [17] , where the spin-independent results were corrected. This work is a follow-up to Ref. [17] and, for this reason, is structured very similarly. Here we focus on spin-dependent operators and obtain the renormalization group improved Wilson coefficients of the HQET Lagrangian with LL accuracy to O(1/m 3 ). We do not include light quarks in our analysis.
The paper is divided as follows. In Sec. II we introduce the HQET Lagrangian. Sec. III is dedicated to the study of the spin-dependent part of Compton scattering, performed in order to find physical combinations of Wilson coefficients. In Sec. IV we find the renormalization group equations (RGE) for these Wilson coefficients. The QCD case is considered in Sec.
IV A, and the QED case in Sec. IV B. The solution of these equations is studied in Sec. V.
In Sec VI we perform a detailed comparison between our results and the ones found in Refs. [15, 16] . Our conclusions are summarized in Sec. VII. Finally, in App. A we present some new Feynman rules needed for the computation.
II. HQET LAGRANGIAN WITHOUT LIGHT FERMIONS
The HQET Lagrangian is defined uniquely up to field redefinitions. In this paper we use the HQET Lagrangian density for a quark of mass m Λ QCD , in the special frame v = (1, 0, 0, 0) given in Ref. [10] :
Where Q is the NR fermion field represented by a Pauli spinor. The components of the vector σ are the Pauli matrices. We define iD
and [17] , as compared to the definitions given in Ref. [10] .
III. COMPTON SCATTERING
Ref. [17] showed that it is possible for the Wilson coefficients associated to 1/m 3 operators to be gauge dependent. For example, this is the case for c A 2 , which always appears in physical observables along with c M (well-known to be gauge dependent because it is related with c D through reparametrization invariance, Ref. [10] ) in such a way that the combination is gauge independent/physical. In order to explore the existence of other physical combinations involving the Wilson coefficients that we aim to calculate , i.e. c W 1 , c W 2 , c p p , c B 1 and c B 2 , we compute the amplitude for Compton scattering of a heavy quark with a gluon Qg → Qg. In this section, we restrict to the the spin-dependent part of this process in HQET. We compute it at tree level up to O(1/m 3 ) in the mass expansion and in the Coulomb gauge (though obviously the amplitude for Compton scattering is a gauge independent quantity). We take incoming and outgoing quarks to have four-momentum p = (E 1 , p) and p = (E 1 , p ). We take gluon four-momenta as outgoing and label them by k 1 , i, a and k 2 , j, b with respect to color and vector indices. This also implies the on-shell condition k 0 1 = −|k 1 | and k 0 2 = |k 2 |. We work in the incoming quark rest frame, i.e E 1 = 0 and p = 0, so p = −(k 1 + k 2 ) and
). In addition, we define the unit vectors n 1 = k 1 /|k 1 | and n 2 = k 2 /|k 2 |. The relation
holds from four-momenta conservation. For QED we obtain
Note that there is no O(1/m 0 , 1/m) contribution. Setting the Wilson coefficients to their tree level values we obtain
This expression agrees with Eq. (19) in Ref. [18] .
The above analysis gives us the set of Wilson coefficients and their combinations that appear in physical observables: {c W ,c B 1 , c B 2 , c p p }. We compute the anomalous dimensions for these, but also for the unphysical set: vertex is non-trivial enough to be considered as a strong cross-check. In general, external gluons and heavy quarks will be considered to be on-shell i.e. free asymptotic states, so the free equations of motion (EOM) will be used throughout.
Note that we keep explicit the Wilson coefficients of the kinetic term for tracking purposes even though they are protected by reparametrization invariance (c k = c 4 = 1 to any order in perturbation theory) [19] . Also, c p p = c F −1 and the physical combinationc W = c W 1 −c W 2 = 1 are fixed by reparametrization invariance [10] . We will check by explicit calculation that these relations are satisfied at LL.
The Coulomb gauge will be used throughout this paper. On the one hand, this significantly reduces the number of diagrams but, on the other hand, the complexity of each one of them increases. It also makes it difficult to use standard routines for computations of diagrams designed for Feynman gauges and relativistic setups. However, since we are only looking for the pole, the calculation is feasible. The normalization of the heavy quark field, gluon fields, the strong coupling g and the Wilson coefficients c F and c S are needed. In the Coulomb gauge, they read (we define D = 4 + 2 ):
where
The subscript B stands for bare and R for renormalized quantities. Often the subscript R will be removed in the following when it is understood. The
The renormalization group equations for the physical set {c W ,c B 1 , c B 2 , c p p } read: 
B. QED
In this section we analyze the purely abelian case of QED. To do this, we just need to take the appropriate limit of the results found in Sec. IV A i.e. to take C F = 1, C A = 0 and n f = 0. Note that the operators proportional to c B 1 and c B 2 do not appear now. The diagrams that contribute are the same drawn in Fig. 2 and Fig. 3 disregarding non-abelian diagrams.
The renormalization group equations read:
This result is in agreement with the explicit single logs given in Refs. [15, 16] , where the calculation was done in Feynman gauge. This is not that strange; for instance, the running of c D in QED happens to be equal in the Coulomb and Feynman gauges (see the discussion in Ref. [20] ). The analysis done in Sec. III suggests that the physical object is stillc W , though. The results obtained are in agreement with reparametrization invariance relations given in Ref. [10] (recall that c F has no running in QED).
V. SOLUTION AND NUMERICAL ANALYSIS
The RG equations obtained in the previous section depend on a list of five Wilson co-
The running of c p p has been found to be the same as that of c F , as predicted by reparameterization invariance, so we will not give an explicit expression. The remaining equations can be written more compactly in a matrix form
The matrix M follows from the results of the previous section. We only need the running of α with LL accuracy:
and n f is the number of dynamical (active) quarks i.e. the number of light quarks. Recall that n f = 0 for the case we are studying.
In this approximation, the above equation can be simplified to
It is useful to define z ≡ α(ν) α(m)
) and write the equation above as:
We also need the initial matching conditions at the hard scale, at tree-level. They have been determined in Ref. [10] and read
Note that the matching coefficient of the kinetic term is protected by reparametrization invariance (c k = 1 to any order in perturbation theory) [19] . Nevertheless, although we set them to 1 when solving the RG equations, we keep them explicit in the RG equations for tracking purposes.
After solving the RG equations we obtain the LL running of the Wilson coefficients associated to the 1/m 3 spin-dependent operators of the HQET Lagrangian. We obtain the following analytic results for the unphysical set in Coulomb gauge: 
The solution for the physical set of Wilson coefficients read:
As can be seen, Eq. (29) satifies reparametrization invariance. We have proven by explicit calculation that, at LL, c p p andc W satisfy the relations imposed by reparametrization invariance given in Ref. [10] .
If we expand the above solutions in powers of α we can explicitely write the single log (it can also be obtained by trivial inspection of the RG equations in Sec. IV). We obtain for the unphysical set that
and for the physical set, thatc
In Fig. 4 Concerning the numerical analysis, we observe that the effect due to the logarithms is large in general (not for QED however, where the only physical combination that appears, c W , does not run). This is because the coefficients multiplying the logs are large, in particular those that multiply the non-abelian coefficient C A . We also observe that the LL resummation is saturated by the single log in all cases except in the combinationc 
VI. COMPARISON WITH EARLIER WORK
The LL running of the Wilson coefficients associated to the 1/m 3 operators of the HQET Lagrangian without considering light fermion effects was first addressed in Refs. [15, 16] , where expressions for the anomalous dimension matrix and explicit expressions for the Wilson coefficients with single log accuracy are given. As in Ref. [17] for the spin-independent case, we find that these results are mutually inconsistent, as the anomalous dimension matrix produces different expressions for the single log result compared to the explicit single log expressions written in these references.
The basis of operators these results were obtained from is different from the basis used in this paper, so in order to compare our results, we have to change the operator basis. This is done via field redefinitions, which at the order we are working in, is equivalent to using the full equations of motion to order 1/m. To this purpose, we use the HQET Lagrangian in a general frame, Eq. (8) in Ref. [10] 3 . We obtain the following relations between the spin-dependent 1/m 3 Wilson coefficients in the two bases:
Note that c
and c
11 . This is to be expected since it is well-known from Ref. [10] that there are five spin-dependent operators and five different Wilson coefficients, whereas in Refs. [15, 16] there are seven operatos and seven different Wilson coefficients.
Thereby, one must find that two Wilson coefficients have to be equal to another two. In Ref. [17] these relations between the Wilson coefficients at O(1/m) and O(1/m 2 ) were also found:
In Ref. [17] expressions for the correct anomalous dimension matrix for the spin-independent
Wilson coefficients in the basis used in Refs. [15, 16] were given. However the situation for the spin-dependent case turns out to be more complicated, since Wilson coefficients are gauge dependent. Because the calculation in these references was done in Feynman gauge and in this paper in Coulomb gauge, we can not give a prediction for the anomalous dimension matrix in Refs. [15, 16] in Feynman gauge (note that in the spin-independent case there were also gauge dependent Wilson coefficients, but all gauge dependence came from c D and c M , for which expressions are well-known in Feynman gauge). Instead, to compare results, we compute the RG equations in our basis for physical quantities from the anomalous dimension matrices given in Ref. [15] . To do this, one needs the inverse relations between the Wilson coefficients in the two bases:
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Firstly, note that the anomalous dimension matrix in Ref. [15] gives c
8 . This already disagrees with our results and with the explicit single log results given in Table II of that reference. We continue with the comparison nonetheless. We take the expression for c (3) 6 , which is the one which minimizes the discrepancies. The RG equations read
where numbers in bold indicate a discrepancy with respect to our results. In general we find disagreement for all RG equations (even in QED) except for Eq. On the other hand, it is remarkable that using the single log results given in Table II 
VII. CONCLUSIONS
We have computed the LL running of the Wilson coefficients associated to the spindependent 1/m 3 operators of the HQET Lagrangian without light fermion effects. We observe that reparametrization invariance relations are satisfied and that the running of physical quantities depend only on gauge-independent quantities, as expected. Numerically, we observe that the running produces a large effect, except for the combinationc B 1 + c B 2 , which also appears in Compton scattering. However, in this case, the resummation of large logarithms also happens to be important because the behaviour of this combination is not saturated by the single log.
We have compared our results with the previous work done in Refs. [15, 16] . For the gauge invariant combinations we have computed in our paper, the anomalous dimension matrix given in Ref. [15] yields different RG equations than those we found in Sec. IV A, and also different single logs as those given explicitely in that reference. Nevertheless, it is remarkable that we find agreement with the explicit single logs given in these references.
These results are necessary building blocks for the determination of the pNRQCD Lagrangian with NNNLL accuracy. Even though they appear not to be necessary to obtain the heavy quarkonium spectrum with NNNLL accuracy, nor the production and annihilation of heavy quarkonium with NNLL precision, they are necessary at higher orders. Moreover, it may be important for future research in the determination of higher order logarithms for NRQED bound states, like hydrogen and muonic hydrogenlike atoms.
momentum conservation, k = n i=1 k i = p − p . We start labeling transverse gluons first and longitudinal gluons after with the labels a, b, c, . . . refering to color indices in the adjoint representation, i, j, k, . . . refering to space vector indices and k 1 , k 2 , k 3 , . . . refering to fourmomentum.
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